A remark about unitary representations of Lorentz 
group and an equation for zero mass particles. 
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O ; Abstract 

O ' In the present note the expansion of the wave function of a massles particle (with 

Q\ • the definite value of its helicity) over the untary irreducible represent aions of the 

Lorentz group (defined on the light cone) is used as for the analog of the Fourier 
transformation for deriving of an equation in the relativistic configuration represen- 
^ ' tation. 
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■ The functions that realize unitary irreducible ( infinite dimentional) representations 

of the Lorentz group [|l], have found their aplication in paricle physics for formulataion 
of relativistic equations in the so called "relativistic configurational" representation in- 
troduced in ||. The functions used in @ compose a complete and orthonormal set on 
^| a three dimentional mass shell hyperboloid surface {p 2 = p^ — p 2 = m 2 ) in Minkovsky 

4-momenta space. They were found out in and have a form: 

Here the n is a unit vector and m is the mass of a particle (in what follows we shall put 
m=c=h=l). The parameter r enters the expressions for the eigenvalues of two Casimir 
oprerator of Lorentz group that are (in a general case of nonzero spin partcles, i.e. for 
nonzero values of v) given by formulae: 

F= l/2M IM/ M flu = M 2 - N 2 ===> (r 2 + u 2 ) (2) 

G = l/Ae^afsM^M^ = MN ===> (r * v) (3) 

In P| it was shown that spin zero functions £(p, r) (they correspond to a case of v = 0) 
do satisfy an equation 

H £(p,f f )=2E P Z(f,T f ) (4) 
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where the Hamiltonian Hq has a form of finite difference operator 

H = 2cosh(i—) + —sinh(i—) + — — e _i ^. (5) 
Or r or (r) 2 

The functions that realize the unitary irredusible representations of the Lorentz group 
in a caze of non zero spin were found for a case of mass shell hyprboloid in papers j2|, [|. || . 
The formulae relavant to the case of helicity basis were derived in |J . The first attempt 
to write an equation analogouse to (4) and (5) for the spin states | on a mass shell 
hyperboloid p 2 = m 2 was not successfull as it was based on the functions found in [@, [| , 
where some phase factors were ommitted. The form of a free Hamiltonian in a case of a 
wave function for spin 1/2 state was derived latter in jllj and then extended to a case of 



spin 1 states JTT], 12, |T3| . The inclusion of interaction in this equation was done in (14 . 
Here a case of mass zero states (i.e. with the 4-momentum p belonging to the lihgt cone 
P 2 = Po ~ P 2 = 0) would be disscussed. The expansion of the wave function over the 
comlete set of the functions that realize the unitary irreducible representations on the 
cone manifold has the following form |T5[ : 

oo 

tt(p, °)=JdrJ dn(n)p- 1+ir 5 a J(n - n p ) <f) T ^ n , (6) 
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J ^p-^U(n - np) *(P, u) . (7) 



The function 



47T J \p\ 



C(p,r)=p- 1+ ^ (T 5(n-n p ) (8) 



can be treated as the analog of the "massive" plane waves (1). Due to the presence of 
the 5 -functions 5(n — n p ) under the integrals the transformation from the momentum to 
r-space has in fact a one-dimentional form. The "radilal" part of this plane wave 

i?(p, r ) = p~ 1+ir (9) 

obeys the following equation 

H R(p,r) = p* R{p,r) (10) 
where the Hamiltonian has a form: 

Ho = e~ i &. (11) 

The connection of the transformation (6), (7) with that one based on the function (1) 
and (which was used in ||) can be easialy seen, for example, from the formulae of the 



expansion for (— r, —v) representation given in |~5 
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oo 

\P(p, u) = JdrJ dQ(n)p' 1+ir A ru [l - (nnp)]- 1 ^^ n p )^ r ,_,, n . (12) 
0-,,-,,n = ^ / fer 1 -*^! - (nnp)]- 1 " 1 ^^!!, n p )*(p, u) . (13) 



(14) 



Here the coefficients A rv and Q v (n, n p ) are given as 



l^| 2 =(4^(- 2 + - 2 ) (15) 
Q„(n, n p ) = e - i " (». B »)(-l)*+ 1 ' (16) 

and the following relation from [TH 



^- |[1 - (ln)]" 1+ -[l - (lk)]^-dfi(l) = 5(n - k) . (17) 

are usefull. 
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